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The paper contains the contributions reported at the Work-
ing Group Session ‘Interior Structure and Inversions’.
Discussion at this session has been focused on problems
of inversion analyses of current solar oscillation data and
future data from the SOHO and GONG projects. New
developments in helioseismological inversion techniques
and in modeling physical processes in the Sun’s interior
have been presented.
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Accurate determination of the properties of the Sun’s in-
terior and diagnosis of the physical processes inside the
Sun are of fundamental importance for many branches
of astrophysics and physics. These studies provide an
important test for the theory of stellar structure and evo-
lution, shed light on formation of the solar system and
its chemical evolution, and help to understand the mech-
anism of solar and stellar activity. They also allow study
of physical processes in a dense plasmas under conditions
impossible to achieve in laboratories.

These problems will be studied by inverting frequencies
of normal modes of solar oscillation, accurate measure-
ments of which will be provided by both the Global Os-
cillation Network Group (GONG) (Leibacher, these Pro-
ceedings) and the Solar Oscillation Investigation (SOI)
(Scherrer, these Proceedings). The latter is the largest
helioseismology project on board SOHO. It uses the

Michelson Doppler Imager (MDI) instrument to measure
intermediate- and high-degree modes of solar oscillations.
The two other helioseismology projects on SOHO, GOLF
(Gabriel, these Proceedings) and VIRGO (Fröhlich & An-
dersen, these Proceedings), are devoted to observations of
modes of low angular degree.

The purpose of the Working Group was to discuss re-
cent developments in helioseismic inversions and in mod-
eling the solar structure in preparation for analysis of
data from the SOHO instruments. The contribution by
Kosovichev (Sec. 1) outlines the basic objectives and the
inversion procedure of the SOI Structure Inversion Pro-
gram. The procedure is based on two levels of analysis:
‘primary’ inversions for hydrostatic properties of the Sun
(pressure, density and the adiabatic exponent), and ‘sec-
ondary’ inversions for chemical abundances, temperature
and other properties, determination of which involves ad-
ditional physical constraints such as the equation of state
(EOS) and the radiative opacity. The progress in model-
ing the equation of state and the opacity has been reported
by Rogers and Iglesias in Sec. 2. They have calculated
new opacity and EOS tables including effects of seven
additional heavy elements. These accurate tables are im-
portant for the secondary inversions and for modeling the
solar structure and evolution. Christensen-Dalsgaard has
presented a new evolutionary solar model computed us-
ing the most recent physical parameters (Sec. 3). He has
pointed out that the improved physics bring the model into
better agreement with the inversions, although there re-
main significant differences, particularly in the solar core.
The contribution by œ (Sec. 4) deals with determination
of the hydrogen abundance and temperature in the radia-
tive interior using asymptotic sound-speed inversion. This
technique is complementary to the approach presented by
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Kosovichev, and, therefore, it is important for indepen-
dent estimates of the ‘secondary’ solar parameters. The
last three contributions concern with inversion techniques.
Basu (Sec. 5) has argued that inverting combinations of
oscillation frequencies taken from different data sets may
result in systematic errors in the inversion results, particu-
larly, if the data were obtained at different phases of solar
activity. She has also emphasized importance of accurate
measurements of high-degree modes along with the ones
of low degree in order to make robust estimates of prop-
erties of the solar core. Gough and Sekii (Sec. 6) has
pointed out that reliable determination of the covariance
matrix of errors in the frequency measurements is crucial
for accuracy of the linear inversions. Eff-Darwich and
Pérez-Hernández (Sec. 7) has studied how measurements
of low-frequency p and g modes, expected from GOLF
and VIRGO data, can affect determination of the radial
hydrostatic structure of the Sun. They have demonstrated
that accuracy of the inversions is significantly improved
even if only few low-frequency modes are added to a data
set.
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The SOHO and GONG data will be unique, providing
continuous observations of solar oscillations for several
years. This will allow study of temporal variations of the
Sun’s properties and the relations of these variations to
the solar activity cycle. It is also important for the inver-
sion that the projects will provide simultaneous data for
modes of both low and intermediate angular degree, � , in
the range from 0 to approximately 200. This is essential
for probing the deep interior of the Sun, particularly for
obtaining helioseismic constraints on the properties of
the energy-generating core. New helioseismic inversion
techniques will be developed in order to fully utilize the
potential of the new data.

Current knowledge of the internal structure of the Sun
was obtained using relatively short (a few months) in-
terrupted series of observations, mainly, at the Big Bear
Solar Observatory and at the South Pole. These results
have provided important constraints on the internal prop-
erties and on the physical processes in the Sun. However,
many fundamental questions are still unanswered, e.g.

- What are the physical conditions (temperature,
density, chemical composition) in the energy-
generating core?

- Is there any deviation from the conditions of ther-
mal equilibrium in the solar core?

- Is there evidence of localized material mixing in
the core?

- What is the role of gravitational settling and turbu-
lent diffusion of helium and heavy elements in the
radiative zone?

- How deep is the zone of convective overshoot at the
lower boundary of the convection zone?

- Is there latitudinal variation of the depth of the con-
vection zone?

- What is the helium abundance in the convection
zone?

- How accurate are current models of microscopic
physics: the equation of state, opacities and nu-
clear reaction rates, in the Sun?

- What is the structure of the surface boundary layer
and how does it interact with the oscillations?

These questions form the core of the program. To fully
exploit the large amount of high-precision SOHO and
GONG data it is necessary to perform special studies
of inversion methods including modifications of existing
techniques in order to achieve greater spatial resolution
and accuracy of inverted parameters.

The results of the program will be development of the
helioseismic inversion techniques; measurements of the
properties of the solar core (density, sound speed, temper-
ature, chemical composition); determination of the dis-
tribution of helium and heavy elements in the radiative
zone and the role of gravitational settling and diffusion in
the distribution; estimation of the parameters of the con-
vective overshoot zone and its role in dynamic processes
in the Sun; determination of the helium abundance at
the solar surface, that is not measurable by spectroscopic
techniques; assessment of accuracy of stellar evolution
theory.

The principal inversion procedure is based on a perturba-
tion theory derived from a variational principal for adia-
batic stellar pulsations and is set up to measure deviations
of seismic parameters from a spherically-symmetrical ref-
erence solar model. Our initial analysis of the data will
restrict these studies to axisymmetric deviations from the
model, the axis of symmetry coinciding with the axis of
solar rotation. The axisymmetric perturbations can be ob-
tained by inverting averages over groups of modes; this
significantly reduces both the computational time and the
formal errors of the inversion results. These inversions
will be done on a regular basis (say, monthly), in the
data analysis ‘pipeline’. Important experience has been
gained from determination of the axisymmetric structure
by the inversions of the BBSO and other ground-based
data (Antia & Basu, 1994; Basu,

k�u�hQw�f
, 1995; Däppen,
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k�u�h/w�f
, 1990; Dziembowski,

k�u�hQw�f
, 1990; Gough & Koso-

vichev, 1988, 1990; Gough, Kosovichev & Toutain, 1995;
Kosovichev & Fedorova, 1991; Kosovichev,

k�u4hQw�f
, 1992;

Kosovichev, 1993, 1995a,b)

Capability for studying nonaxisymmetric perturbations
seismologically will be sensitive to the quality of the
GONG and SOI data. However, it is planned to study
approaches to non-axisymmetric inversions, e.g. by fit-
ting simple models to the data (cf. Kosovichev & Perdang,
1988). Studies of the non-axisymmetric perturbations in-
side the Sun are of particular interest for understanding
mechanisms for the solar cycle and its relation to the
structure of large-scale convection. However, most ques-
tions addressed in this program deal with the spherically-
symmetric component of the deviation from the standard
solar model. These deviations are determined from the
shifts of frequencies of the axisymmetric modes with re-
spect to model frequencies, or from the shifts of the mean
frequencies of mode multiplets.

For inversions of this type the linearized integral equa-
tions relating frequency perturbations ����� , to variations of
the solar structure are derived from a variational princi-
ple. The equations are transformed to depend on a chosen
pair of deviation variables ( ��� and ��� ) that are assumed
to be functions of radius � alone (e.g. Kosovichev, 1992),
yielding��� ����
	 �
���� ������� � ������ ����� � �������� � �! �" � �$#%'& " �(� #*) " Á #+ 	 Á )-,.,.,/)102)
where ��� � is the frequency difference between the eigen-
frequency, � � , of a solar model and the corresponding
frequency of the Sun, � " � # and � " � # are structure param-
eters, 354 is the radius of the Sun, and

% & " � �6# is the mode
inertia. The arbitrary function  �" � �$# is added to take into
account the surface effects. The suffix

+
labels the modes;0 is the total number of modes in a data set.

The structure parameters, � and � , can be of two types:
‘primary’, e.g. the density, 7 , and the adiabatic expo-
nent, 8 , or ‘secondary’, e.g. the hydrogen abundance,9

, and the heavy element abundance, : . For the ‘pri-
mary’ parameters Eq. (1) is derived using only basic
assumptions about solar structure: spherical symmetry
and hydrostatic equilibrium; whereas additional structure
equations have to be considered for the ’secondary’ pa-
rameters. Two main options for the ‘secondary’ param-
eters have been studied. The first uses the equation of
state in the form 8 	 8 "<; ) 7 ) 9>= # , where

9?=
are element

abundances. Since variations of the adiabatic exponent,8 , occur mainly in the ionization zones of helium and
hydrogen at the top of the convection zone, the frequency
variations can be expressed in terms of the uniform he-
lium abundance in the convection zone (assuming that
the abundances of the heavier elements are known) and

one of the hydrostatic variables, e.g. density or the ratio@ 	 ;BA 7 (cf Dziembowski,
k�u·h/w�f

, 1990).

The second option considers a full set of structure equa-
tions including thermal balance and energy transport.
This introduces ‘non-seismic’ variables, such as temper-
ature, element abundances, and radiative zone opacities
into the seismic equations (Gough & Kosovichev, 1988;
1990).

Two basic inversion procedures, Optimally Localized Av-
eraging (OLA) and Regularized Least Squares (RLS) data
fitting, have been developed for the structure inversion
pipeline. Both methods essentially subtract from the ��� A �data a quantity  �" � # A %C& describing unknown surface ef-
fects. The OLA technique will be most commonly used
in the project. It consists of constructing linear combina-
tions of Eq. (1) for a set of observed modes that provide
localized averages of the structure parameters � and �
(e.g. Backus & Gilbert, 1967):���� " � � # 	

� � �� D5��� � " � � ) � # ���� � � " � #
in the vicinity of � 	 � � . The spatial resolution of the
averages can be characterized by the central coordinate
and the resolution scale of the averaging kernels. These
quantities, ‘centre’ and ‘spread’, usually represent some
integral measure of the kernels in order to account for
effects asymmetry and sidelobes.

Selections of the localized averaging kernels for @ , ob-
tained for a subset of solar data, are shown in Fig. 1.

Z§'@+$02# 3 �
:

���G~�h/w�q/EGk�� h/�/k�p�h�¦Qqti>¦ �Ik�pri<k�w³j�� DCF � G �FubzOhQu
hQp�kªw�qtiykMhQp�~M�Qs���qti<hQu@q*�QiOj�� ��utzok�~��/prp�k�j�nO�Qi<�Qqti_¦¯j�k�q�jrs�q*~
�Vk�priyk�w�j � F � G
If deviations of structure properties are represented in
parametric form, then the unknown parameters can be
evaluated from the helioseismic equations (1) using a
least-squares technique. Kosovichev (1993) applied this
calibration technique to determine the helium abundance
and the depth of the convection zone. Finally, super-
resolution techniques can be developed to study particu-
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lar features of the interior structure, such as overshooting
and sharp variations of the interior properties by applying
nonlinear constraints, for instance.

The nonspherical axisymmetric perturbations can be con-
sidered in the parametric form:��� " � )�� # 	 �

��� � ��� � " � #�� � " �
	�� � # ) " H #
where � � are Legendre polynomials. In this case radial
functions � � " � # are determined by inverting so-called ‘a-
coefficients’, expansions of the symmetrical part of split-
multiplet frequencies into a set of orthogonal functions
of azimuthal order 
 . The integral equations relating
the even a-coefficients to � � " � # are essentially identical to
Eq. (1) (e.g. Gough, 1993). Therefore, a unified inversion
procedure for determining spherical and aspherical com-
ponents of the solar structure is being developed. Gough
and Kosovichev (these Proceedings) have carried out the
nonspherical structure inversion to determine latitudinal
dependence of the depth of the convection zone.

An example of the ‘primary’ inversion for the spherically-
symmetrical component of the solar structure is shown in
Fig.2. The inverted data combine frequencies of 16 low-
degree modes ( � = 0, 1 and 2) in the frequency range
� ,����� � �� H mHz, taken from the IPHIR data set (Toutain
& Fröhlich, 1992) with 598 frequencies of intermediate-
degree modes ( � = 4 – 140, � = 1.5 – 3 mHz) observed at
the BBSO by Libbrecht

k�u�hQw�f
(1990) in 1988, approxi-

mately at the same period of time when the IPHIR space
experiment was carried out.

Z§'*+<02# 3��
:

¿2n<u�qts�hQwtw�| w��G~�h/w�q/EGk�� h/�/k�pMh�¦_krj�� �9utzoke�Qq ��¬
��k�p�k�iy~�k � @ A @ � ´2zOk�p�k @�� ; A 7 � ��k�u@´4k�k�i ubzOk �<¤}i
h/iy��pMk*��k�p�k�i<~�kSj�u h/iy�IhQp���j��Qw�h/p�s��G�Ik�w<¹F� ���(z}prq�jruvk�iOj�k�io¬
¡Fh/w³j¥¦_hIh/pM�9k�u�h/w�f�� ¹Q�V�I���If � zOkFzO�Qprq/E��Qiou h/w4��h/p�j�p�k n<p�k�¬
j�k�i$u(ubzOk·p�k�j��/w�¤}u�q*�/i�w�k�i>¦Qubz_j���ubzOk¸�&k�pru�q*~MhQwo��h/p�j·p�kvnyp�k�j�k�iou
jruvhQi<�Vh/p���k�prp��/p�j�f � zok�~��/iou�qtio¤o�Q¤>j�~�¤}pr�/k�q�j�utzok��/q �Sk�pr¬
k�i<~�k � @ A @ ��k�u�´4k�k�i	s��G�Ik�wo°�� ����z>prq�jru k�ioj�k�i$¬*¡�hQw³j¥¦VhVh/p��
k�u4h/w�f��X´2z>q*~�z�hV~M~��Q¤}iou@j2���/p¸zOk�w�qt¤}s�j�k�u@u�w�qti>¦�h�¦_h/qtiOjru��Qq ��¬
��¤>jrq*�/i qti ubzOk hI��j�k�i<~�k � ��u�¤}p���¤}w�k�i$u�sFq mIqti>¦/�¯h/iy� ubzOk
p�k@��k�pMk�iy~MkGf

The inversions were compared with non-standard solar
models of Christensen-Dalsgaard

k�u£h/w¼f
(1993), in which

gravitational settling of helium and turbulent diffusion
have been taken into account. The model that assumes
no mixing by turbulence (continuous curve) provides a
good representation of the hydrostatic stratification of
the interior outside the solar core. The structure of the
energy-generating core remains uncertain because while
the IPHIR data indicate a rise of � @ A @ towards the center,
which could be evidence of local material redistribution,
similar data from the Birmingham Oscillation Network
Group (BISON) (Elsworth,

k�u�h/w�f
1994) yield no such

trend (Gough & Kosovichev, 1993). However, in the both
cases, the deviations in the core are too small to affect
significantly the fluxes of solar neutrinos.
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The inability to resolve a number of long-standing dis-
crepancies between theory and stellar observations led to
the speculation that the widely used Los Alamos opacities
were missing important sources of opacity (Simon 1982;
Christensen-Dalsgaard

k�uªh/w�f
1985). Due to this specu-

lation and the need for the opacity of low : materials to
model laser produced plasmas, the OPAL opacity effort
was undertaken (Iglesias, Rogers & Wilson 1987; 1992;
Iglesias & Rogers 1991; Rogers & Iglesias 1992a). While
the development of a detailed equation of state (EOS) was
necessary to calculate the occupation numbers needed for
opacity calculations, the publication of EOS tables for
astrophysical use was deferred due to the relatively large
tables required to calculate accurately derivatives of EOS
quantities. Historically stellar models have been com-
puted inconsistently, since the EOS used to compute the
opacities is not used throughout the rest of the model. The
success of the OPAL opacities in helping to improve the-
oretical models (e.g., Moskalik, Buchler, & Marom 1992;
Guenther

k�u§h/w�f
1992; Swenson

k�u·hQw�f
1994) has made it

essential to also provide EOS data that is consistent with
the opacity data.

The OPAL equation of state is based on an activity ex-
pansion of the grand canonical partition function of the
plasma (Rogers 1994) in terms of its fundamental con-
stituents (electrons and nuclei). The formation of com-
posite particles and the many-body effects on internal
bound states occur naturally in this approach. Hence,
pressure ionization is a natural consequence of the the-
ory. In contrast commonly used approaches, all of which
are based on minimization of the free energy, are forced
to assert the effect of the plasma on composite particles
and must rely on an ad hoc treatment of pressure ioniza-
tion. Another advantage of the OPAL approach is that
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it gives a systematic expansion in the Coulomb coupling
parameter that includes subtle quantum effects generally
not considered in other EOS calculations.

Since the elements above Ne have little effect on the
EOS and disproportionately increase the computer re-
quirements, they are not included in the currently avail-
able EOS tables. These tables cover the temperature range

��� Á�� U to 10 � degrees for densities up to 10
Y

g/cc. We
have tabulated data for

9
=0.0,0.2, 0.4, 0.6, 0.8 and Z=0.0,

0.02, 0.04. An auxiliary code is available for interpolation
in the variables Temperature, density,

9
, and : . Due to

the extreme accuracy of the upcoming SOHO and GONG
data, future tables will include the effects of elements
up to Fe and also some additional derivatives required to
analyse the data. For the opacity calculations it was ap-
parent from the beginning that the most computationally
intensive part of the opacity calculations would be the
vast amount of atomic data needed for bound-bound and
bound-free absorption cross- sections. For this purpose
we developed a parametric potential method that is fast
enough to allow on-line calculations, while achieving ac-
curacy comparable to single configuration Dirac-Fock re-
sults (Rogers, Iglesias, and Wilson 1988; Iglesias, Rogers
and Wilson 1992). This on-line capability also provides
flexibility to study easily the effects of atomic physics
approximations such as various angular momentum cou-
plings or data averaging methods.

It is interesting to note that the EOS not only plays an
important role in modeling the helioseismic data, but also
indirectly through the opacity. It has been shown that
uncertainties in the EOS in the solar radiative interior
are a major contribution to opacity uncertainties (Igle-
sias & Rogers 1995 and references therein). We include
degeneracy and plasma collective effects in the free-free
absorption using a screened form of the parametric poten-
tials. Similar corrections to the Thomson scattering are
obtained from the method of Boercker (1987). The spec-
tral line broadening for one, two, and three electrons ions
are obtained from a suite of codes provided by R.W. Lee
(1988) that include linear Stark theory. For all other tran-
sitions we use Voigt profiles where the Gaussian width
is due to Doppler broadening and the Lorentz width is
due to natural plus electron impact collision broadening
(Dimitrievic and Konjevic 1980).

Rosseland mean opacity tables for PopI element abun-
dances are available for values of hydrogen mass fraction
��� 9 � Á and metal mass fraction ��� : ��� , Á .
Opacity tables for carbon and oxygen rich mixtures (Igle-
sias and Rogers 1993) and for alpha enhanced element
abundances are also available. Interpolation codes are
provided to help facilitate use of this extensive data. Note
that our equation of state is for a fully coupled multi-
component plasma, rather than compilations of pure ele-
ment calculations later combined using ideal gas mixing
laws. Consequently, the original calculations assumed the

Anders-Grevesse (1989) photospheric solar metal abun-
dance. However, the current tables have been updated
and are for the Grevesse 1991 solar metal abundance.
Note that new tables for different metal compositions
(e.g. Swenson

k�u�h/w¼f
1994; Kovacs

k�u�h/w¼f
1992) can

be readily computed on request from the existing OPAL
monochromatic opacities using a corresponding states
method (Rogers and Iglesias 1992b). Requests should be
addressed to opal@ocfmail.ocf.llnl.gov. New tables that
include the effects of seven additional heavy elements (P,
Cl, K,Ti, Cr, Mn, Ni) not included in the existing tables
are just becoming available. These tables are based on the
Grevesse and Noels (1993) abundances and also include
some physics updates.
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The availability of extensive sets of precise observed solar
oscillation frequencies allows detailed tests of models of
the solar interior structure. It is evidently important to
compute solar models which includes as accurate a rep-
resentation of the known physics of the solar interior as
possible. Only in this way may we test whether our cur-
rent ideas about the physics and other properties of the
Sun are correct, or whether modifications are required.

The recently obtained frequencies from the LOWL in-
strument (Tomczyk

k�u4h/w¼f
1995) provide for the first time

an extensive set of data spanning modes from degree 0
to fairly high degree, allowing inversion to infer proper-
ties of the solar structure from the core to the base of the
convection zone and slightly beyond. As discussed by
Basu

k�u·hQw�f
(these Proceedings) the use of such a consis-

tent set offers substantial advantages over the previously
used sets based on combining results from different in-
struments and obtained at different epochs; in particular,
inversion for the structure of the core appears to be quite
sensitive to possible inconsistencies introduced in such
data combinations.

To utilize fully the new data I have computed a new model
of the present Sun, attempting to use the best physics
and parameters available and ensuring adequate numer-
ical precision. Relative to the reference model used by
Basu

k�u,hQw�f
(these Proceedings) the improvements mainly

concern the opacity interpolation and the parameters for
the nuclear energy generation. The model used the MHD
equation of state (e.g. Mihalas

k�u�h/w¼f
1988), and OPAL

opacities (Iglesias
k�u�h/w�f

1992) including spin-orbit cor-
rection and based on the most recent photospheric iron
abundance, with low-temperature opacities obtained from
Kurucz (1991); opacity interpolation was carried with a
procedure kindly provided by G. Houdek and J. Rogl (see
Houdek & Rogl 1993), using a nine-parameter interpo-
lating function defined in piecewise fashion on a cubic
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curved network. Compared with the earlier model a re-
vised set of nuclear parameters was used, from Bahcall
& Pinsonneault (1995); also, the initial abundances of the
CNO elements were revised, to use the values provided
by Grevesse & Noels (1993). The calculation included
diffusion and settling of helium, treated in the manner
of Christensen-Dalsgaard, Proffitt & Thompson (1993);
diffusion of heavier elements was neglected.

A detailed description of the calculation and the results, as
well as of the differences between the Sun and the model
as inferred from inversions, is given by Basu

k�u�h/w¼f
(1995).

The dominant change relative to the reference model of
Basu

k�u�h/w¼f
(these Proceedings) is an increase by about

0.002 in the hydrogen abundance required to calibrate the
model to solar luminosity, resulting from the changes in
the nuclear parameters. This leads to changes of generally
up to about 1 per cent in density (with somewhat larger
effects in the superficial layers) and a change of about 0.2
per cent in the sound speed in the solar core. The general
effect is to bring the model into somewhat better agree-
ment with the observations than the model considered by
Basu

k�u�hQw�f
, although there remain significant differences,

particularly in the density in the core where the inferred
solar value is smaller than the model by about 0.8 per cent.
Some possible causes for this discrepancy are discussed
by Basu

k�u·h/w�f
(1995).
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Helioseismology has provided the direct information
about the solar interior as the products of the helioseismic
inversion of the frequency data,—for examples, the sound
speed distribution � " � # . However, the physical quantities
used usually in the stellar evolution theory are the den-
sity 7 " � # , the pressure � " � # , the temperature � " � # , the
luminosity ��� " � # , and the mass ��� " � # as functions of the
distance from the stellar center � , and not the sound speed
distribution � " � # . Hence it is desired to determine the solar
interior structure from helioseismic data to be compared
with the evolutionary models and to be compared with
the detected neutrino flux (cf. Gough and Kosovichev
1990, Dziembowski

k�u§hQw�f
1994, Antia and Chitre 1995,

Kosovichev 1995b). In this paper, we report our attempt
to produce a solar model based on the helioseismic data
(Shibahashi 1992, 1995).

Among the assumptions adopted in constructing the stan-
dard solar model, the assumption of the hydrostatic equi-
librium and the values of the present solar mass, radius,
and luminosity should be definitely accepted. In compari-
son with these the other assumptions have less experimen-
tal support. Let us depart from the standard construction

of a solar model and try to reconstruct a solar model by
using only the experimentally well measured quantities.
These quantities are the mass �
4 , the radius � 4 , the
photon luminosity ��4 , and the sound speed distribution
� " � # obtained from helioseismology. We should also as-
sume that the sun is in hydrostatic equilibrium. Whether
the sun is in thermal equilibrium is uncertain, since even
if the real sun is not in thermal equilibrium it takes about
Á��
	 yrs for the sun to recover its equilibrium state. The
justification of this assumption is made only by the solar
neutrino flux measurement. In this paper, however, we as-
sume the sun is in thermal equilibrium, since our present
purpose is to construct a solar model, which is consistent
with various observational data, with the changes of in-
put physics from standard models as small as possible.
In summary, our assumptions in reconstructing a solar
model are as follows:

� the mass is � 4 ,

� the radius is � 4 ,

� the photon luminosity is � 4 ,

� the sound speed distribution � " � # is that obtained
from helioseismology,

� the model is in hydrostatic equilibrium, and

� the model is in thermal balance.

It should be noted that the difference between the present
approach and the conventional programs for stellar struc-
ture is only the subject condition; —that is, the basic
equations governing the stellar structure are solved with
the given chemical composition distribution

9 " � # in the
conventional programs for stellar evolution,while they are
solved with the given sound speed distribution � " � # in the
present approach. In our preliminary attempt, however,
we assume a fully ionized perfect gas for the equation of
state. The departure from this simple law is expected to be
small in the bulk of the sun except near the photosphere,
and it may be smaller than the uncertainties of the other
physical quantities such as the opacity or the nuclear re-
action rates. It should be noted that in this approximation
the equations governing the hydrostatic balance are de-
coupled from those governing the thermal structure. That
is, we can determine the pressure and the density distri-
bution solely from the helioseismic observational data.
More details of the present approach are given in Shiba-
hashi

k�u£h/w¼f
(1995).

We determine the density and the pressure distribution
in the sun using the sound speed distribution, which was
inverted by Vorontsov and Shibahashi (1991) from the
observational data of the solar p-modes’ frequencies ob-
tained by Libbrecht

k�u�hQw�f
(1990) and Jiménez

k�u�hQw�f
(1988) and shown in Fig. 3. We also calculated the
squared Brunt-Väisälä frequency 0 H

from the density
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and the pressure profiles deduced from the sound speed
profile, and we see that the core is convectively stable.
The density profile thus obtained is shown in Fig. 4. The
density thus determined is lower at the solar center than
the standard models.
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Following the conventional approach, we assume that :
is constant over the entire region of the solar interior and
over the entire history of the sun; —that is, we assume
that the abundance ratios of the various heavy elements
in the solar interior are the same as those observed spec-
troscopically near the solar surface, —that is, the mass
ratio of the heavy elements to hydrogen : A 9 is 0.027
(Grevesse 1984, Aller 1986). Starting from the center
and parameterizing the value of the central temperature,
��� , we can integrate the equation governing the thermal

structure of the sun with the given functional forms of
�
H " � # , 7 " � # , and � " � # . and search for the parameter value

satisfying the condition � � 	 � 4 at � 	 � 4 .
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Figures 5 and 6 show the temperature distribution and
the hydrogen abundance distribution thus determined, re-
spectively, corresponding to the sound speed distribution
shown in Fig. 3 and the density profile shown in Fig. 4.
Compared with these figures, we see that the difference
in the sound speed structure does not give so strong in-
fluence on the temperature structure, but its effect on the
chemical profile is substantial.

Once we get the thermal structure, we can check the ac-
curacy of this approximation and can estimate a better
equation of state and a better value for � B . Then we can
repeat the procedure to get more consistent solutions. By
iterating in this way, we will get a reasonable solar model
based on the experimentally reliable data.
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Observations of solar oscillations have provided us with
accurate measurements of p-mode frequencies which
severely constrain the structure of the Sun. Inversion
of available solar frequencies has revealed that current
solar models differ from the Sun by only a few percent in
sound speed and density (e.g., Däppen

k�uShQw�f
, 1991; An-

tia & Basu, 1994; Dziembowski
k�u¸hQw�f

, 1994). However,
these inversions suffer from one drawback — they were
based on more than one set of data.

Generally the frequencies of low-degree ( ����� � H )
modes are obtained from one source and higher-
degree modes from another. Such combinations of
data may introduce systematic errors in the inver-
sion results due to differing effects of magnetic ac-
tivity in observations obtained at different epochs or
because of different characteristics of the instrument.
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p�k�jr¤}w�u*j�f

To check the effects of having mixed data we have
considered two sets of frequencies of low-degree solar
oscillations — the BISON (Elsworth

k�u�hQw�f
, 1994) and

the IPHIR (Toutain & Fröhlich, 1992), and combined
them with intermediate-degree data from BBSO (Lib-
brecht

k�u�h/w�f
, 1990). For both the low-degree sets, we

make two combinations with the BBSO data, the first
in which the intermediate-degree data has a frequency
cut off at 5 mHz (we call this combination B1 and I1
for BISON and IPHIR respectively), and the second
for which the frequency cut-off is 3.5 mHz (for conve-
nience called combinations B2 and I2). The inversion
results for the BISON-BBSO combination are shown in
Fig. 7 and the IPHIR-BBSO combination in Fig. 8.

Z§'@+$02# 3��
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� zOk�j�hQs�k	h&j�©{q ¦_f�­9��¤}uS´XqtutzeubzOk�¨MxXgS¨�±
w��Q´X¬¥�Ikv¦Ip�k�k��Ih/u hIf � z>¤>j¯ubzOk	utz}q*~M�]�Vh&j�zOk��/���V�/u�uvk�� h/iy�
j��/w q*��w qti<k�j	h/p�k	ubzOk	p�k�j�¤}w u*j¸���/p¯j�k�u@j�¨�¹&�¸¨r° h/iy�	¨���pMk�¬
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The results are for the relative sound-speed difference be-
tween the Sun and a reference model. The details of the
reference model and the inversion procedure can be found
in Basu

k�u§h/w�f
(1995). The figures show the sound speed

only for radii � � � , H R 4 .

Since the low- � modes, which give information about the
centre, are identical for B1 and B2, it could be expected
that the inversion results shown in Fig. 7 should be sim-
ilar. We would also expect the results for combinations
I1 and I2 to be similar. However, we find that the results
of B2 are more than � � lower than those of B1. Fig.
8 shows a similar behaviour for I1 and I2. This means
that the uncertainties in the results in the core are greater
than those indicated by the formal errors in the inversion.
Since the same widths of the averaging kernels, as func-
tions of target position, were used for the inversion of all
sets of data, the effect of including high-frequency modes
does not arise from an increase in resolution. Thus the
difference is probably a result of systematic errors in the
data. From Fig. (6) of Basu

k�uSh/w�f
we can see that there

is very little change in the sound speed at larger radii.

To verify further that the inversion results at the core de-
pends quite crucially on the intermediate-degree modes
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used, we combined the BISON and IPHIR frequencies
with the intermediate-degree modes obtained with the
LOWL instrument (see Tomczyk

k�u�h/w�f
1995, Basu

k�u
h/w¼f

1995) to obtain mode-sets B3 and I3 respectively.
The results of these sets are also shown in Figs. 7 and 8.
We see that sound speed results obtained in the core for
sets B3 and I3 are still lower by about 1

�
compared with

those of sets B2 and I2 respectively. This clearly indicates
the importance of the higher-degree modes for inversions
in the solar core.

Thus it is evident that great care is required when match-
ing the very precise low-degree data that is available with
higher-degree data for the purpose of carrying out inver-
sions. Otherwise the uncertainties in the result in the solar
core will not be truly represented by the error-bars of the
solution. The effect of solar cycle changes may be can-
celled by combining observations made at the same time.
However, systematic effects due to differences in instru-
ment response, methods of analysis etc., will remain. This
emphasizes the value of carrying out inversion on homo-
geneous sets of data which have been obtained by the
same instrument at the same time and analysed in the
same way.
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It has been customary so far to formulate helioseismic
inversions under the assumption that observational errors
are independent and are Gaussian distributed, in spite of
abundant evidence suggesting that that is not the case.
This has been mainly due to the lack of more detailed
information concerning statistics of errors supplied to
inverse-problems solvers, and there has not been very
much they can do about the situation, other than, for ex-
ample, discarding outliers (perhaps erroneously).

To investigate the extent to which the simplified assump-
tion on error statistics can affect inversions, we have stud-
ied the effect of correlated errors on linear inversions,
by taking one-dimensional rotation inversion as a model
problem. The frequency splittings were computed, and
then correlated errors were added. Inversions were car-
ried out first without, and subsequently with cognizance
of the covariance matrix. In the former case only the di-
agonal elements of the covariance matrix were given and
the off-diagonal elements were assumed to be zero.

In an extreme case, the correlated errors were generated by
designing a covariance matrix in such a way that the cor-
relation of errors conspires to present a systematic shift in
frequency splittings. As was expected, inversions without
taking account of the covariance matrix failed, and pro-
duced a systematic deviation from the true solution. On

the other hand, using the proper covariance matrix led to
a better result.

We have considered other cases, in which we have simu-
lated a very simple data reduction procedure that gener-
ates correlated errors, and have computed the covariance
matrix, under various assumptions. In the absence of a
systematic shift in splittings (Fig. 9), the solutions do
not depend dramatically on whether or not the correct
covariance matrix was incorporated into the inversion
algorithm. However, using an inappropriate covariance
matrix led to larger error magnification (Fig. 10).
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A modified version of Regularized Least Squares (RLS)
method has been used to invert helioseismic data. To test
the inversion technique, the equilibrium differences be-
tween two theoretical models have been compared with
the ones obtained from inversions. Mode set and errors
are taken from actual observations. In order to see how
GOLF

�
VIRGO data modify the results, low � , low fre-

quency ; -modes and � -modes have been added to present
mode set, and the whole data set has been inverted. Re-
sults show an important improvement in the inversion,
specially in the deeper part of the Sun.

One of the main problems in helioseismic inversions is
that the matrix to be inverted is almost singular. Such sin-
gularity leads to a solution with great error magnification
and oscillatory components. A modified version of SVD
method has been developed in order to avoid such prob-
lems in the solution. SVD method decomposes a matrix
A into three ones:

D 	 �����	��

� " $ #
where

�
is a diagonal matrix that contains the eigenvalues

of A. U and V are orthogonal matrixes where V contains
the eigenvectors of A.

Each tabular point
E

has its own contribution to the diag-
onal matrix

�
. The contribution of each of the N tabular

points is a matrix
���

:

� 	 ��
��� B

��� " � #
� � 	 �	������ ��
 " � #

If
� � =� is an element of matrix

� �
and � � = is an element

of V then:

� � =� 	 � � = � � ��� 	 Á ) 0 " � #
The maximum value in

� �
is used as a measure of the

contribution of each tabular point
E

to the inversion. This
information is used in order to build an optimal integra-
tion mesh (avoiding points where 
���� " ��� # are very low
in comparison with the other ones). Because RLS tech-
nique is used in the inversion procedure, it is necessary
an smoothing function weighted by an smoothing param-
eter. Such parameter is usually taken as a constant, but
in the modification used here each tabular point

E
has an

independent smoothing parameter 8 � , that has been taken
proportional to 
���� " � � # :8 � � 
���� " � � # " � #
To test the inversion technique, the differences between
two theoretical models have been compared with the ones
obtained from inversions. Figure 11 shows the result us-
ing ; -modes with � � � � Á�� � . Because the number
of high degree ; -modes used is small, inversion tests are
applied only to � A � � , � . Figure 12 shows the result
when � -modes with Á � � � � and low frequency, low
� ( � � � � $ ) ; -modes ( those expected from GOLF

�

VIRGO experiments ) are added to the mode set. The so-
lution obtained for density is improved because � -modes
are very sensitive to density variations and deeper points
have an important weight in the inversion.
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���£�

,
� � �

, 287

55. Vorontsov, S. S. and Shibahashi, H. 1991,
x��ª�<º � 	

,
739

À�Á ��À


